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A Wave Optics Based Fiber Scattering Model
Supplemental document

Mandy Xia, Bruce Walter, Eric Michielssen, David Bindel, Steve Marschner

Our paper introduces the first wave optics based fiber scattering model, presenting an az-
imuthal fiber scattering function that comes from a full-wave simulation. Wave optics pro-
vides an alternative model that characterizes light as an electromagnetic wave that obeys
Maxwell’s equations, which is more accurate at all scales. Electromagnetics (EM) and Com-
putational Electromagnetics (CEM) are the foundations of wave optics research. This sup-
plemental document is an expanded version of the EM section (Section 4) of the main paper.
However it is not possible to cover all the details and we refer the readers to classical text-
books [8, 9] and lecture notes [4] on EM, textbooks on CEM [15, 6], Optics [3] and small
particle scattering [2] for more details. This supplemental document heavily relies on the
above references.

This supplemental material includes a brief summary of the basic electromagnetic con-
cepts (Section 2) we use in the paper and more detailed derivations of the solutions to the
dielectric cylinder scattering problems by solving Maxwell’s equations (Section 3). We de-
scribe both the numerical method using the Boundary Element Method (BEM) and the
analytic solution using Lorenz-Mie theory. Finally, we explain the idea that using linearity,
scattering from other kinds of illumination can be handled by first expressing them as sums
of plane waves (Section 4). We use a Gaussian beam incidence field as an example as it is
the incident field we use to conduct one of the validation tests.

The update-to-date version of this document can be downloaded from the project page.
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1 Table of symbols

λ wavelength
θ, θi, θr polar angle, incident polar angle, outgoing polar angle
φ, φi, φr azimuthal angle, incident azimuthal angle, outgoing azimuthal angle
ωi, ωr incoming, outgoing direction
S(θi, θr, φi, φo, λ) BCSDF in spherical coordinates
M0(θi, θr) longitudinal scattering function of mode 0
Np(θi, φi, φo, λ) azimuthal scattering function of mode p
Nray, Nwave(θi, φi, φo, λ) ray-based, wave-based azimuthal scattering function
x̂, ŷ, ẑ unit vectors in the positive x, y, z direction.
r 3D position
ρ, ρ 2D position, norm of ρ
Γ boundary of cylinder cross section
ei unit vector in the incident wave propagation direction
E,H electric field, magnetic field
J,M electric current, magnetic current
D electric displacement
B magnetic flux density
S, 〈S〉 Poynting vector, time-averaged Poynting vector
qe, qm electric charge density, magnetic charge density
j complex unit
ω angular frequency
ε, µ permittivity, permeability
k 3D wave vector in ωi direction
kρ, kρ transverse component of k and its magnitude
kz z componnet of k
G Green’s function of the Helmholtz equation.
Li,Ki,P linear operators
n̂ normal vector
f linear basis function for currents
Z the matrix in the boundary element method formulation
IM , IJ coefficients of magnetic and electric currents’ basis functions
Is(θi, φi, φr, λ) scattering intensity
Ws,Wa,Wx scattering, absorption, extinction power per unit length
Ce, Cx, Cg effective, extinction, geometric cross section
ψ scalar wave
U Gaussian beam in scalar form
w Gaussian beam waist
yc Gaussian beam offset
N mode number in the expansion

Table 1: We summarize the symbols used in the main paper and this document.
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2 Basic Electromagnetics concepts

We will start with a brief summary of the basic concepts and equations in classical electro-
magnetic theory. They are the fundamentals of the methods described in later sections. A
more detailed treatment on these materials can be found in [8, 9, 4].

2.1 Maxwell’s equations

The mathematical description of all wave optics phenomena is based on Maxwell’s equations.
Fields for which the time variation is sinusoidal are called time-harmonic fields and the
mathematical analysis can be simplified by using complex quantities. A complex electric
field E or also called a phasor is defined as related to an instantaneous electric field Einst

Einst = Re(Eejωt), (1)

where ω is angular frequency. Similarly a phasor of the magnetic field H is related to an
instantaneous magnetic field Hinst via

Hinst = Re(Hejωt). (2)

In what follows, we assume time-harmonic fields and time dependence ejωt is suppressed
unless specified. The time-harmonic Maxwell’s equations we use are [8]

∇× E = −M− jωµH (3)

∇×H = J + jωεE (4)

∇ ·D = qe (5)

∇ ·B = qm. (6)

In the above equations J is the electric current density. It represents moving electric charges
(e.g. electrons). In our dielectric cylinder scattering problem, they are so-called “equivalent
electric current densities”, artificially introduced to create fields that satisfy appropriate
boundary conditions when constructing integral equations for the fields scattered from fibers.
D is the electric displacement and qe is the electric charge density. B is the magnetic flux
density. Magnetic current density M represents moving magnetic charges and qm is the
magnetic charge density. Such charges have never been observed in nature. M and qm are
entirely fictitious and introduced as mathematical auxiliary quantities solely to model fields
appropriate in the construction of integral equations [8].

The cylinder scattering problem we are interested in contains linear, isotropic and nondis-
persive materials for which the following constitutive relations hold.

B = µH, D = εE, (7)

where µ is the magnetic permeability and ε is the electric permittivity.

4



2.2 Plane wave

A simple solution to Maxwell’s equations represents a perfectly monochromatic parallel beam
of light. It is called a plane wave and it propagates in a homogeneous medium without
sources. The incident electric and magnetic fields (i.e. fields in the absence of the fiber) are

Ei(r) = Ei(0) ejk·r

Hi(r) = Hi(0) ejk·r

Hi(0) = −k× Ei(0)

ωµ0

(8)

where Ei(0) and Hi(0) define the wave’s intensity and polarization, and the wavevector k =
−kei, where ei is a real unit vector in the direction of wave propagation. The wavenumber
is k = 2π

λ
for light of wavelength λ and angular frequency ω = 2π/(λ

√
ε0µ0).

2.3 Poynting vector

In electromagnetics, the Poynting vector represents energy flow. It can be derived from
the conservation of energy, often called Poynting’s theorem [9]. The instantaneous Poynting
vector can be calculated as

S = Einst ×Hinst, (9)

We are interested in the time-averaged Poynting vector and it can be derived as:

〈S〉 =
1

T

∫ T

0

S(t) dt

=
1

T

∫ T

0

Einst(t)×Hinst(t) dt

=
1

T

∫ T

0

Re(Eejωt)× Re(Hejωt) dt

=
1

T

∫ T

0

1

2
(Eejωt + E∗e−jωt)× 1

2
(Hejωt + H∗e−jωt)) dt

= 1
2
Re(E×H∗),

(10)

which is Equation (27) in the main paper. The time-averaged Poynting vector is equivalent to
vector irradiance in radiometry and it provides a way to compute the azimuthal distribution
from the scattered field. In a linearly polarized plane wave of a certain frequency, the
Poynting vector always points in the propagation direction while oscillating in magnitude.
The magnitude of the time-averaged Poynting vector for a plane wave is:

|〈S〉| = 1

2

√
ε

µ
|E|2. (11)
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3 Dielectric cylinder scattering problems

In this work, we propose the first fiber scattering model that is built on wave optics simulation
in computer graphics. Conducting full wave scattering simulations is expensive, as it requires
resolving both electromagnetic fields and geometry at well below the scale of visible light
wavelengths. Furthermore, creating a complete scattering model requires many simulations
to account for all possible illumination directions. This work shows a way to make this
computation tractable through a series of simplifications:

• Like most fiber scattering models we assume a separable form for the model, as a
product of longitudinal and azimuthal scattering distributions, and in this paper we
derive new azimuthal distributions, while adopting a longitudinal model from prior
work [5].

• For modeling azimuthal scattering we assume that fibers are extrusions with perfect
translational symmetry. We exploit this symmetry in a “2.5D” wave scattering simula-
tion that computes 3D electromagnetic fields using values only in a 2D cross-sectional
slice.

• To avoid the need to discretize the volume of the fiber and the space surrounding it,
we employ a boundary integral formulation that reduces the set of unknowns to a 1D
discretization of the fiber’s planar cross section curve.

With careful attention to efficiency in implementation, this makes it possible to compute
azimuthal scattering for fibers of arbitrary cross sections and arbitrary material properties,
for all incident and scattered directions and all relevant wavelengths, in a precomputation,
resulting in tabulated azimuthal scattering functions to be used in rendering.

In this section, we describe how to solve the infinitely long dielectric cylinder scattering
problem using the Boundary Element Method (BEM) for arbitrary cross-section shaped
cylinders and using the Lorenz-Mie theory for circular cross-section shaped cylinders.

φi

φr

θi

ωi

ωrθrxz

y

Ei

xz

y

Hi

k

Hi

xz

y

Ei

k

(a) Spherical coordinates (b) TM polarization (c) TE polarization

Figure 1: (a) An illustration of the commonly adopted longitudinal-azimuthal parameteri-
zation for fiber scattering models. Each of the directions ωi and ωr in 3D is parameterized
using the polar angle θ, defined as the angle between ω and the xy-plane (the plane perpen-
dicular to the cylinder axis), and the azimuthal angle φ, defined in xy-plane. (b) and (c)
illustrate the transverse-magnetic (TM) and transverse-electric (TE) polarization types that
can be linearly combined to produce arbitrary polarization configuration.
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3.1 Problem setup

The boundary of the fiber is the extrusion of a curve Γ in the x-y plane along the z axis.
This surface divides space into exterior and interior regions, denoted 1 and 2 respectively,
with different material properties (ε1, µ1) and (ε2, µ2). For a dielectric fiber with refractive
index n + jκ surrounded by free space, ε1 = ε0, ε2 = (n + jκ)2ε0, and µ1 = µ2 = µ0, where
ε0 and µ0 are the permittivity and permeability of free space.

Figure 2: Introducing a fiber divides the
space the two regions. We illustrate a fiber
cross section and denote the exterior and in-
terior regions as region 1 and 2 respectively.
The dielectric cylinder scattering problem
has fields both interior and exterior to the
fiber with a change in material properties (ε)
at the surface.

Fields The fiber is illuminated by a plane wave propagating in direction−ωi. As illustrated
in Figure 1 (b) and (c), there are two types of polarization. One is called transverse-magnetic
(TM), where the magnetic field Hi is perpendicular to the plane defined by the cylinder
axis and wave propagation direction (Figure 1 (b)); the other polarization type is called
transverse-electric (TE), where the electric field Ei is perpendicular the plane defined by the
cylinder axis and wave propagation direction (Figure 1 (c)). Note that any other linearly
polarized incidence wave can be expressed as a linear combination of TM and TE incidence.
For simplicity of integrating the new scattering model into current rendering systems we
assume light incident on a fiber is always unpolarized. Therefore, we compute the scattering
distributions for TM and TE polarization and take the mean of the two, and this produces
the scattering distribution for an unpolarized incident wave. Note that oblique incidence
cylinder scattering with one type of polarization will result in scattered fields with a mixed
of two types of polarization.

Using linearity, scattering from other kinds of illumination can be handled by first ex-
pressing them as sums of plane waves. We take the Gaussian beam incidence field as an
example to explain this in Section 4.

The presence of the fiber alters the fields and we call the resulting fields the total fields
Et,Ht. In the rest of this document, we will express the total fields as sums of simpler fields
E1,H1, which are zero in the interior of the fiber, and E2,H2, which are zero in the exterior.
We further subdivide the exterior total fields into the incident fields and the scattered fields
Es,Hs such that

Et = E1 + E2; Ht = H1 + H2 (12)

E1 = Ei + Es; H1 = Hi + Hs (13)

The scattered fields propagate outward from the fiber and will be the key to computing the
BCSDF for rendering. The scattered wave in region 1 travels with the same speed as the
incident wave (free space light speed c) and the transmitted wave in region 2 travels with
speed c/η.

7



Boundary conditions One can derive the boundary conditions at the interface between
the interior and the exterior of the fiber from the integral equivalents of the Maxwell equations
[9]. Let E1,H1 and E2,H2 denote the total fields exterior and interior to the cylinder. On
the surface the tangential electric and magnetic fields are continuous

n̂× E1 = n̂× E2; n̂×H1 = n̂×H2. (14)

3.2 Boundary integrals and Boundary Element Method (BEM)

We use the Boundary Element Method (BEM) to numerically solve the dielectric cylinder
scattering problem. Compared to the other numerical methods, BEM has lower complexity
as it only needs to discretize the boundary of the object. The method is outlined as the
following:

• We first make use of the surface equivalence principle [10, 13] to turn the scattering
problem that contains different materials into equivalent exterior and interior prob-
lems, where there is only one kind of material in each problem and the fields can be
characterized by Helmholtz equations.

• We then derive general 3D source-field relations that write the scattered fields as the
integration of the sources with the appropriate Green’s function.

• Next, we make use of the translational symmetry of the dielectric cylinder problem
that lets us model fibers locally as homogeneous infinitely long cylinders and turn 3D
source-field relations into 2.5D ones.

• We then form the boundary integral equations by applying the boundary conditions
and the relation between incident, scattered and total fields.

• Finally, we solve the boundary integral equations using BEM, which discretizes the
boundary of the cylinder cross section and turns the boundary integral equations into
a linear system to solve.

3.2.1 Splitting the problem via surface equivalence

Different source distributions outside a given region can produce the same field inside the
region and we say the two sources that produce the same field are equivalent. The surface
equivalence principle [10, 13] states that fields E,H that exist in a source-free region can
be generated by surface currents J,M residing on the region’s boundary. This equivalence
lets us transform our scattering problem into a pair of problems concerning unbounded
homogeneous media, which are amenable to solution using Green’s functions (Figure 1).
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E2,H2

E2,H2

E1,H1

E1,H1

ε2
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Figure 3: Separation of interior and exterior fields via surface equivalence. The original
problem (left) has fields both interior and exterior to the fiber with a change in material
properties at the surface. It is transformed into a pair of problems (right), each in a ho-
mogeneous medium, with surface currents generating the field on one side and zero on the
other side.

The two equivalent problems are called the equivalent exterior problem (Figure 3 right)
and the equivalent interior problem (Figure 3 middle). In the exterior (interior) problem, the
fields is split into two components with original fields in region 1 (region 2) and null fields
in region 2 (region 1). The electromagnetic fields are discontinuous across the interfaces and
this is achieved by introducing the fictitious surface currents. In the exterior problem, the
fictitious electric and magnetic currents are J1 and M1 and the condition for the jump of
fields is

M1 = −n̂1 × E1, J1 = n̂1 ×H1. (15)

In the interior problem, the fictitious currents are J2 and M2 and the condition is

M2 = −n̂2 × E2, J2 = n̂2 ×H2, (16)

where n̂1 = n̂ is the surface normal vector pointing towards region 1. Then we can modify
the material parameters in regions where we have null fields because this will not affect
the fields. In particular, we set the material properties to match those in the other region,
transforming our problem into two (linked) homogeneous problems. The two equivalent
problems are related via the boundary conditions of the original problem (14) and it requires

J = J1 = −J2; M = M1 = −M2. (17)

In regions of space where permittivity ε and permeability µ are constant, Maxwell’s
equations reduce to the Helmholtz equations [9].

∇2E + k2E = jωµJ− 1

jωε
∇(∇ · J) +∇×M = jωµ(1 +

1

k2
∇∇·)J +∇×M

∇2H + k2H = jωεM− 1

jωµ
∇(∇ ·M)−∇× J = jωε(1 +

1

k2
∇∇·)M−∇× J

(18)

which we can use to compute the fields generated by a set of currents. In particular from J1

and M1 we can compute the scattered fields Es,Hs and from J2 and M2 we can compute the
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fields E2,H2 (using the material parameters for regions 1 and 2 respectively). Therefore we
use the currents to parameterize the fields in solving for them. In the following subsection, we
will explain how to convert the above PDEs into integral equations with a Green’s function.
The resulting equations are called source field relations. The fields will then be expressed
in terms of the sources in integral equations. The source field relations further enable the
boundary integral formulation of the scattering problem. The boundary integral formulation
is easier to solve comparing to the PDEs because sources are supported by a finite domain
while fields in PDEs exists in the entire space.

3.2.2 Source field relations in 3D

The 3D scalar Green’s function [12] represents the scalar field at r produced by a point
source at r′. It satisfies

∇2G
(
r, r′

)
+ k2G

(
r, r′

)
= −δ

(
r, r′

)
. (19)

The Green’s function for this equation is not uniquely defined but we want the one corre-
sponds to a physically plausible solution (i.e. the one in which the scattered power flows
purely outward as defined by the Sommerfeld radiation condition [14]). The 3D Green’s
function is

G(r, r′) =
e−jk|r−r

′|

4π|r− r′|
. (20)

We can write (18) compactly as

PE(r) = f1(r)

PH(r) = f2(r)
(21)

with linear operator P(·) = (∇2 + k2)(·) acting on r and the forcing functions f1, f2 are

f1(r) = jωµ(1 +
1

k2
∇∇·)J(r) +∇×M(r),

f2(r) = jωε(1 +
1

k2
∇∇·)M(r)−∇× J(r).

(22)

Using the Green’s function definition in (19)∫
PG(r, r′)f1(r′)dr′ =

∫
−δ(r, r′)f1(r′)dr′ = −f1(r) (23)

We have

P
(∫

G(r, r′)f1(r′)dr′
)

= −f1(r) ⇒ E(r) = −
∫
G(r, r′)f1(r′)dr′. (24)

Similarly,

H(r) = −
∫
G(r, r′)f2(r′)dr′. (25)

We call the above two equations the source field relations in 3D as they relate the fields
with the currents in 3D via integral equations. Next we will show we can make use of the
symmetry of our problem to reduce it 2.5D.
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3.2.3 Source field relations in 2.5D

We adopt the coordinate system shown in Figure 1 (a), and represent the 3D and 2D co-
ordinates using r = xx̂ + yŷ + zẑ and ρ = xx̂ + yŷ. The incident field can be expressed
as

Ei = E0e
jkρ·ρejkzz, Hi = H0e

jkρ·ρejkzz (26)

where k = kρ + kzẑ and kρ = |kρ|. Since the z dependence of this source field is a complex
exponential, a translation in z corresponds to multiplying the field by a global scalar phase
factor. Since (18) is a linear PDE, scaling the source will scale all the quantities in the
problem by the same factor; hence all the fields and currents inherit the same z dependence
as Ei,Hi:

E(r) = E(ρ)ejkzz, H(r) = H(ρ)ejkzz,

J(r) = J(ρ)ejkzz, M(r) = M(ρ)ejkzz.
(27)

Applying to the source field relations in 3D, we get

E(r) = E(ρ)ejkzz = −
∫
G(r, r′)f1(r′)dr′ = −

∫ (∫
G(r, r′)ejkzz

′
dz′
)
f1(ρ′)dρ′,

H(r) = H(ρ)ejkzz = −
∫
G(r, r′)f2(r′)dr′ = −

∫ (∫
G(r, r′)ejkzz

′
dz′
)
f2(ρ′)dρ′,

(28)

where ∫
G(r, r′)ejkzz

′
dz′ =

1

4j
H

(2)
0 (kρ|ρ− ρ′|)ejkzz, (29)

and G(ρ,ρ′) = 1
4j
H

(2)
0 (kρ|ρ − ρ′|) is the 2D Green’s function that represents the field at ρ

produced by a line source at ρ′. H
(2)
0 is the zeroth order Hankel function of the second kind.

It satisfies the following equation with the radiation condition:

∇2G
(
ρ,ρ′

)
+ k2

ρG
(
ρ,ρ′

)
= −δ

(
ρ,ρ′

)
. (30)

After integrating out z′ (28) can be written as

E(ρ)ejkzz = −
∫
ejkzzG(ρ,ρ′)f1(ρ′)dρ′,

H(ρ)ejkzz = −
∫
ejkzzG(ρ,ρ′)f2(ρ′)dρ′.

(31)

Without loss of generality, we take z = 0. After some algebraic manipulations we arrive at
equations (13) and (14) in the main paper:

E(ρ) = −jωµLJ(ρ)−KM(ρ),

H(ρ) = −jωεLM(ρ) +KJ(ρ).
(32)
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where

(LX)(ρ) =

[
1 +

1

k2
∇∇·

] ∫
Γ

ejkzzG
(
ρ,ρ′

)
X(ρ′)dρ′

∣∣∣∣
z=0

, (33)

(KX)(ρ) = ∇×
∫

Γ

ejkzzG
(
ρ,ρ′

)
X(ρ′)dρ′

∣∣∣∣
z=0

. (34)

The ∇ operator and X can be decomposed as

∇ = ∇ρ + ẑ
∂

∂z
= ∇ρ + jkz ẑ, (35)

X = Xρ +Xz ẑ. (36)

3.2.4 Boundary integral equations

Now we can form the boundary integral equations governing the scattering problem. Com-
bining the boundary current constraints (15), (16) and the relation between the incident
fields, scattered fields and the total fields (13), we get

M = −n̂1 × (Ei + Es), J = n̂1 × (Hi + Hs)

M = n̂2 × E2, J = −n̂2 ×H2

(37)

where the top two equations are for the exterior problem and the bottom two equations are
for the interior problem. The source field relations relates Es, Hs, E2, H2 with J, M:

Es(ρ) = −jωµ1L1J(ρ)−K1M(ρ),

Hs(ρ) = −jωε1L1M(ρ) +K1J(ρ),

E2(ρ) = −jωµ2L2J(ρ)−K2M(ρ),

H2(ρ) = −jωε2L2M(ρ) +K2J(ρ).

(38)

where L1 (resp. L2) is the L operator defined using the wavenumber for region 1 (resp.
2), and similarly for K1 and K2. Combining (37) and (38) we get the electric field integral
equations (EFIE):

M(ρ) + n̂1(ρ)×
[
−jωµ1 (L1J) (ρ)− (K1M) (ρ)

]
= −n̂1(ρ)× Ei(ρ)

M(ρ) + n̂2(ρ)×
[
−jωµ2 (L2J) (ρ)− (K2M) (ρ)

]
= 0,

(39)

and the magnetic field integral equations (MFIE):

J(ρ)− n̂1(ρ)×
[
−jωε1 (L1M) (ρ) + (K1J) (ρ)

]
= n̂1(ρ)×Hi(ρ)

J(ρ)− n̂2(ρ)×
[
−jωε2 (L2M) (ρ) + (K2J) (ρ)

]
= 0,

(40)

Equations (39) and (40) constitute four equations in two unknowns. Here, we combine them
so as to ensure their solution is unique. The specific combination strategy adopted here is
the PMCHWT approach [11], which subtracts the second equation from the first equation
in each of Equations (39) and (40), resulting in the smaller system

n̂× [−jω(µ1L1 + µ2L2) J− (K1 +K2) M] = −n̂× Ei
1

−n̂× [−jω(ε1L1 + ε2L2) M + (K1 +K2) J] = n̂×Hi
1.

(41)
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3.2.5 Boundary Element Method (BEM)

With the boundary integral equations we derived above, we apply BEM to numerically solve
them. We solve for the unknown currents by applying a Galerkin-type method to convert
Equation (41) into a linear system [12]. First, we discretize the fiber cross-section boundary
Γ into N line segments and represent both the electric and magnetic surface currents using
the same set of 2N linear basis functions f :

J(ρ) ≈
2N∑
i=1

(IJ)ifi(ρ), M(ρ) ≈
2N∑
i=1

(IM)ifi(ρ) (42)

Each basis function is supported over two adjacent elements. The first N of the 2N basis
functions represent z-directed currents, while the other N represent currents that flow on
the fiber surface orthogonal to z.

Substituting the approximation (42) into the system (41) and testing the resulting equa-
tions using the same basis f leads to a matrix equation[

ZME ZJE
ZMH ZJH

][
IM
IJ

]
=

[
VE
VH

]
. (43)

where the submatrices are formed from inner products of testing functions with the compo-
nents of (41)

(ZME)ik = −〈fi, n̂× ((K1 +K2) fk)〉
(ZJE)ik = −jω 〈fi, n̂× ((µ1L1 + µ2L2) fk)〉

(ZMH)ik = jω 〈fi, n̂× ((ε1L1 + ε2L2) fk)〉
(ZJH)ik = −〈fi, n̂× ((K1 +K2) fk)〉

(VE)i = 〈fi,−n̂× Ei〉
(VH)i = 〈fi, n̂×Hi〉.

(44)

Here we define the inner product between a pair of vector functions a and b as

〈a,b〉 =

∫
Γ

a(s) · b(s) ds (45)

This block matrix system has a total dimension 4N × 4N . ZME represents the block
where we express M in EFIE (E) using the basis functions f and apply the same set of basis
functions as testing functions. The other blocks are named analogously. VE and VH are
the test integrals on the incident electric field and magnetic field. Finally, we solve for the
coefficients IM and IJ , and we obtain from (42) the surface currents J(ρ) and M(ρ), which
are the equivalent surface sources that define the solution to our scattering problem.

Regarding the implementation of Equation (44), we would like to note that:

• The differential operators in L and K can be rearranged to operate on the basis func-
tions to simplify the computation. Since each basis function is supported over two
adjacent elements and is zero elsewhere, it is convenient to define the basis function
locally instead of globally and conduct the integration with local support.
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• The evaluation of the integral is done by Gaussian quadrature except for the cases
when the inner integral and outer integral integrate on the same line segment.

• When the inner integral and the outer integral integrate on the same element, the
integral contains the contribution from G(ρ,ρ′) where ρ = ρ′ and G is singular. In
this case, we apply the small argument approximation of the Hankel function [6]

H
(2)
0 (kx) ≈ 1− j 2

π
log

(
1.1781kx

2

)
, x→ 0, (46)

and the integral can be computed analytically.

3.2.6 Computing far-field quantities

Having computed the surface currents, we can use the source field relations (Equation (32)
to compute the scattered electric field (Es) and the scattered magnetic field (Hs) on an
observing circle with radius R. The quantity of interest is the azimuthal scattering function,
which describes the distribution of scattered light within the specular cone. As introduced
in Section 2, the time-averaged Poynting vector,

〈S〉 = 1
2
Re(E×H∗), (47)

is equivalent to vector irradiance in radiometry. It provides a way to compute the azimuthal
distribution from the scattered field.

The quantities we can compute from the simulation include the angular distribution of
scattered intensity per unit length and the absorbed power per unit length.

Scattered intensity The scattered wave is an outward propagating wave. In the far field,
the scattered wave is locally a plane wave, traveling in the direction ês(φr) = cos θiρ̂(φr)−
sin θiẑ, where ρ̂(φr) is the unit vector in the x− y plane, pointing away from the origin and
forming an angle of φr with the x-axis. The surface of constant phase, or wave fronts of the
scattered wave, forms a cone surface.

When we use Equation (32) to compute the scattered field in the far field, we can apply
the asymptotic forms of the 2D Green’s function. In the far field, the limiting expression for
the Hankel function is [1]

lim
k|ρ−ρ′|→∞

H
(2)
0 (k|ρ− ρ′|) =

√
2j

πk|ρ− ρ′|
e−jk|ρ−ρ

′| (48)

Denote ρ = |ρ|. When |ρ| � |ρ′|, we have |ρ − ρ′| ≈ ρ and |ρ − ρ′| ≈ ρ − ρ′ · ρ̂. The
following figure illustrates this approximation. Thus we have

lim
k|ρ−ρ′|→∞

H
(2)
0 (k|ρ− ρ′|) =

√
2j

πkρ
e−jkρejkρ

′·ρ̂, (49)

and this can be used to compute the scattered fields in the far field.
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x

y

ρ′

ρ

|ρ− ρ′|

≈ |ρ− ρ′|

ρ′ · ρ̂

Applying the Poynting vector, the scattered intensity per unit length in the far field can
be calculated as

Is(θi, φi, φr, λ) = 1
2
Re(Esfar ×H∗sfar) · ρ(φr), (50)

where ρ(φr) is the vector in the x − y plane, pointing away from the origin and forming
an angle of φr with the x-axis, with |ρ(φr)| much greater than the fiber radius. The total
scattered power per unit length, Ws, can be obtained by integrating Is(φr).

Absorption Absorbed power per unit length can be calculated by integrating the normal
component of the total field’s Poynting vector over the boundary, as the net flow at the
boundary is the absorption:

Wa =

∫
Γ

1

2
Re(E1 ×H∗1) · n̂1(s) ds

=

∫
Γ

1
2
Re(J∗1 ×M1) · n̂1(s) ds.

(51)

The second equation is derived by applying Equation (15).

3.3 Lorenz-Mie theory

In Section 3.2, we describe how to use BEM to solve the cylinder scattering problem with
arbitrary cross-section shapes. Although BEM has lower complexity than other numeri-
cal methods, it is still expensive as it involves large matrix assembly and solves. In this
subsection we will summarize how to apply Lorenz-Mie theory to solve for infinite circular
scattering problem, which is a special case of the arbitrary cross section cylinder scattering
problem. Mie theory provides an analytic solution to this specific problem and is much more
efficient to compute [2].

Assuming the infinitely long cylinder does not have variation along the cylinder axis, Mie
theory derives the scattered fields everywhere in the space under plane wave incidence. It
starts with the solution of the scalar wave equation

∇2ψ + k2ψ = 0. (52)
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In cylindrical polar coordinates r, φ, z, the scalar wave equation is

1

r

∂

∂r
(r
∂ψ

∂r
) +

1

r2

∂2ψ

∂φ2
+
∂2ψ

∂z2
+ k2ψ = 0. (53)

The separable solutions ψn(r, φ, z) to the above equation are in terms of the solutions to the
Bessel equation. The vector cylindrical harmonics generated by ψn are

Pn = ∇× (ẑψn), Qn =
∇×Pn

k
. (54)

Then we can write the incident field in the expansion of the generating functions Pns and
Qns with appropriate Bessel functions. With plane wave incidence we can compute the
desired coefficients in the expansion. Next, we express the total fields inside the cylinder and
the scattered fields in terms of generating functions with appropriate Bessel function so that
the continuity conditions at the boundary can be satisfied, the field at the origin is finite
and the scattered field is an outgoing wave. Finally, by applying the boundary conditions
upon scattering we can solve for all the coefficients in the expansions. The relation between
the scattered field to the incident field is shown in the equation below. At distance R, the
scattered electric field can be written as:(

E‖s
E⊥s

)
= ej3π/4

√
2

πkR cos θ
ejk(R cos θ−z sin θ)

(
T1 T4

T3 T2

)(
E‖i
E⊥i

)
, (55)

where ‖ denotes TM polarization, i.e. the electric field is in the plane defined by the wave
vector and the cylinder axis; ⊥ denotes TE polarization, i.e. the electric field is perpendicular
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to the plane defined by the wave vector and the cylinder axis; and

T1 =
∞∑
−∞

bnIe
−jn(π−φ) = b0I + 2

∞∑
n=1

bnI cos(n(π − φ)),

T2 =
∞∑
−∞

anIIe
−jn(π−φ) = a0II + 2

∞∑
n=1

anI cos(n(π − φ)),

T3 =
∞∑
−∞

anIe
−jn(π−φ) = −2i

∞∑
n=1

anI sin(n(π − φ)),

T4 =
∞∑
n=1

bnIIe
−jn(π−φ) = −2i

∞∑
n=1

bnII sin(n(π − φ)) = −T3,

φ = φr − φi,

anI =
CnVn −BnDn

WnVn + jD2
n

, bnI =
WnBn + jDnCn
WnVn + jD2

n

,

anII = −AnVn − jCnDn

WnVn + jD2
n

, bnII = −jCnWn + AnDn

WnVn + jD2
n

,

An = jξ
[
ξJ ′n(γ)Jn(ξ)− γJn(γ)J ′n(ξ)

]
,

Bn = ξ
[
η2ξJ ′n(γ)Jn(ξ)− γJn(γ)J ′n(ξ)

]
,

Cn = n sin θiγJn(γ)Jn(ξ)

(
ξ2

γ2
− 1

)
,

Dn = n sin θiγJn(γ)H(1)
n (ξ)

(
ξ2

γ2
− 1

)
,

Vn = ξ
[
η2ξJ ′n(γ)H(1)

n (ξ)− γJn(γ)H(1)′
n (ξ)

]
,

Wn = jξ
[
γJn(γ)H(1)′

n (ξ)− ξJ ′n(γ)H(1)
n (ξ)

]
.

(56)

In above equations, parameters ξ = ka cos θi, γ = ka
√
η2 − sin2 θi and a is the cylinder

radius. Jn is the nth order Bessel function of the first kind. H
(1)
n is the nth order Hankel

function of the first kind. J ′n and H
(1)
n
′ are the derivatives of Jn and H

(1)
n respectively. In

theory we need infinite number of terms (n → ∞) in the expansion. However in practice,
we can compute the desired number of terms that can achieve machine precision [16].

In the far field, the scattered intensity per unit length can be calculated as

Is(θi, φi, φr, λ) =
|T1|2 + |T2|2 + |T3|2 + |T4|2

πk
. (57)

and the azimuthal function is

Nwave(θi, φi, φr, λ) =
Is(θi, φi, φr, λ)

|Wx(θi, φi, λ)|
=
|T1|2 + |T2|2 + |T3|2 + |T4|2

2aπk cos θi
. (58)

For more details of the Mie theory, we refer the readers to [2].
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4 Gaussian beam

A Gaussian beam is a specific kind of electromagnetic wave with its amplitude being a Gaus-
sian function in the transverse plane (the plane perpendicular to the propagating direction).
In optics, a Gaussian beam is often used to model a laser beam. In our work, we validated
the integration of our wave optics azimuthal function into the renderer by comparing the
net effect of the fiber on the far-field radiance distribution. In the wave case, we used a 2.5D
non-paraxial Gaussian beam to compute the net effect. The net effect is the total intensity
minus the incident intensity. Unlike a plane wave, a Gaussian beam is a non-singular incident
distribution, so we can take a meaningful far-field limit and compute the total field inten-
sity minus incident field intensity. In addition, a Gaussian beam does not introduce actual
simulation cost to our computation. One can post-process plane wave simulation results to
produce beam solutions for any beam widths and offset values.

4.1 2.5D Gaussian beam

A non-paraxial 2.5D Gaussian beam satisfies Maxwell’s equations. For simplicity, we first
define a 2.5D Gaussian beam that satisfies the scalar wave equation. The vector form can
be derived from the scalar form and the details are in Appendix A. We adopt the coordinate
system shown in Figure 1 (a), and represent the 3D and 2D coordinates using r = xx̂+yŷ+zẑ
and ρ = xx̂ + yŷ. Assume a Gaussian beam with waist w, centered at yc with incident
azimuthal direction φi = 0. The φi 6= 0 cases can be easily obtained via rotation. As in the
previous section, k = kρ+kzẑ denotes the direction that is opposite to the wave propagation
direction. At x = 0, the scalar field in the y − z plane is defined as:

U(0, y, z) = ejkzze−
(y−yc)2

w2 , (59)

which for any specific z value ψ is a 1D Gaussian function. Define

g(y) = e−
(y−yc)2

w2 . (60)

We denote the Fourier transform of a function g as either g̃ or F [g] and denote the inverse
Fourier transform as F−1. Equation (59) can also be written as

U(0, y, z) = ejkzzF−1[F [g(y)]]

= ejkzzF−1[g̃(ky)]

= ejkzz
∫ ∞
−∞

g̃
(
ky
)
e−jkyydky,

(61)

where

g̃
(
ky
)

=
1

2π

∫ ∞
−∞

e−
(y−yc)2

w2 ejkyydy

=
we−k

2
yw

2/4ejkyyc

2
√
π

.

(62)
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The full expression of the scalar Gaussian beam that satisfies the scalar wave equation can
be written as

U(x, y, z) = ejkzz
∫ ∞
−∞

g̃
(
ky
)
e−jkxxe−jkyydky

= ejkzz
∫ ∞
−∞

we−k
2
yw

2/4ejkyyc

2
√
π

e−jkxxe−jkyydky,

(63)

where k2
s + k2

y = k2
ρ. We introduce φp = arctan(ky

kx
) = arctan( ky√

k2ρ−k2y
). Then

dφp =
d

dky
(arctan(

ky√
k2
ρ − k2

y

))dky =
dky√
k2
ρ − k2

y

=
dky
kx

. (64)

Apply change of variable to Equation (63) and we get

U(x, y, z) = ejkzz
∫ π/2

−π/2

we−k
2
yw

2/4ejkyyc

2
√
π

e−jkxxe−jkyykxdφp

= ejkzz
∫ π/2

−π/2

we−k
2
ρ(sin2 φp)w2/4ejkρ sinφpyc

2
√
π

e−jkρ(x cosφp+y sinφp)kρ cosφpdφp

= ejkzz
kρw

2
√
π

∫ π/2

−π/2
e−k

2
ρ(sin2 φp)w2/4ejkρ sinφpyce−jkρ(x cosφp+y sinφp) cosφpdφp

= ejkzz
kρw

2
√
π

∫ π/2

−π/2

(
e−k

2
ρ(sin2 φp)w2/4ejkρ sinφpyc cosφp

)
e−jkρ(x cosφp+y sinφp)dφp

(65)

In the above equation e−jkρ(x cosφp+y sinφp) is a scalar component of a plane wave. Equation
(65) shows that the beam field can be expanded into a summation of an infinite number
of plane waves (with different incident directions). This is the so-called Angular Spectrum
Method [7] and we will show in the following how to use fast fourier transform (FFT) to
compute the beam incidence solution from a plane wave incidence solution.

4.2 From plane wave incidence to Gaussian beam incidence

Consider a fiber of arbitrary cross section contained in a circumscribing circle of radius a.
Upon illumination by the incident field

En
i (ρ) = Jn(kρ)ejnφ, (66)

where ρ = xx̂ + yŷ, ρ = |ρ| and φ is the angle between ρ and the x-axis. The fiber scatters
field Es(ρ) which for ρ > a can be expressed in terms of outward propagating Hankel
functions [8]

En
s (ρ) =

N∑
m=N

bmnHm(kρ)ejmφ (67)

19



The scattered field is angularly band-limited and N is the required mode number. There
exist many ways of computing the bmn s. One could illuminate the scatterer with the incident
fields Jn(ρ)ejnφ (as opposed to the traditional plane wave) and compute the projection of
the scattered field onto each outgoing harmonic Hm(kρ)ejmφ (as opposed to the traditional
far field pattern). Alternatively, the bmn s can be computed by post-processing the results
obtained using a code that uses traditional plane wave excitations and computes far-field
patterns.

Assume the fiber is excited by a plane wave comping from direction φp = 2π(p−1)/(2N+
1) (uniformly spaced angles) given by

Ei,φp(ρ) = ejk(φp)·ρ =
N∑

n=−N

jnJn(kρ)ejn(φ−φp) =
N∑

n=−N

jne−jnφpJn(kρ)ejnφ (68)

By linearity, it follows from Equation (67) that for ρ > a, this scattered field can be expressed
as

Es,φp(ρ) =
N∑

n=−N

jne−jnφp
N∑

m=−N

bmnHm(kρ)ejmφ (69)

Using the large argument approximation of the Hankel function, this same field (for ρ� a)
is given by

Es,φp(ρ) =
N∑

n=−N

jne−jnφp
N∑

m=−N

bmn

√
2j

πkρ
jme−jkρejmφ

=
e−jkρ
√
ρ

 N∑
m=−N

N∑
n=−N

jne−jnφpbmn

√
2j

πkρ
jme−jkρejmφ


=
e−jkρ
√
ρ

N∑
m=−N

N∑
n=−N

(
jnbmn

√
2j

πk
jme−jkρ

)
ejmφe−jnφp

=
e−jkρ
√
ρ

N∑
m=−N

N∑
n=−N

cmne
jmφe−jnφp

(70)

The last step is to relate the Gaussian beam expression Equation (65) and Equation
(66) by expanding the plane wave component in Equation (65) using Equation (68). Then
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Equation (65) becomes

U(x, y, z) = ejkzz
kρw

2
√
π

∫ π/2

−π/2

(
e−k

2
ρ(sin2 φp)w2/4ejkρ sinφpyc cosφp

)
e−jkρ(x cosφp+y sinφp)dφp

= ejkzz
kρw

2
√
π

∫ π/2

−π/2

(
e−k

2
ρ(sin2 φp)w2/4ejkρ sinφpyc cosφp

) N∑
n=−N

j−nJn(kρρ)ejn(φ−φp)dφp

= ejkzz
kρw

2
√
π

N∑
n=−N

j−n

(∫ π/2

−π/2
e−k

2
ρ(sin2 φp)w2/4ejkρ sinφpyce−jnφp cosφpdφp

)
Jn(kρρ)ejnφ

=
N∑

n=−N

anJn(kρρ)ejnφ,

(71)

where we write the Gaussian beam in terms of expansion of the Bessel function where ans
are the expansion coefficients. To compute the Gaussian beam incidence solution, we first
conduct 2D inverse FFT computation on the plane wave incidence solutions to get cmns.
Then from cmns we can compute bmns based on Equation (70). Finally we weight bmns by
ans and conduct FFT to compute the Gaussian beam solution.

In the figure on the next page, we draw fields for Gaussian beam illuminating circular
cross sections.
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(a) Re(Ei), z component (b) Re(Es), z component (c) Re(Et), z component

(d) Re(Ei), z component (e) Re(Es), z component (f) Re(Et), z component

Figure 4: In this figure, we plot the fields for Gaussian beams illuminating circular cross
sections. In the first row, we have a circle with radius 1µm and a Gaussian beam with
waist 5µm. In the second row, we have a circle with radius 10µm and Gaussian beam with
waist 1µm and a center offset 5µm. In both cases, Gaussian beams have wavelength 400nm
and TM polarization. They are normally incident on the circular cross sections. We plot
the real part of the z component of the electric fields. Non-positive values are shown as
black. The first column is the incident field, the second column is the scattered field, and
the third column is the total field. When the beam is wide (first row) it can be used to
approximated plane wave incidence. When the beam is narrow (second row), the scattering
pattern is similar to what we usually observe in ray optics despite the field oscillation and
beam divergence.
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A Vector fields derivation

We can construct a vector field representation from a scalar field. Assume ψ satisfies the
scalar wave equation ∇2ψ + k2ψ = 0. For TM polarization, we construct the electric field
and magnetic field components as [8]:

Ex =
1

ŷ

∂2ψ

∂x∂z
, Ey =

1

ŷ

∂2ψ

∂y∂z
, Ez =

1

ŷ
(
∂2

∂z2
+ k2)ψ,

Hx =
∂ψ

∂y
,Hy = −∂ψ

∂x
,Hz = 0,

ŷ = jωε.

So

Ex =
1

jωε
(jkx)(jkz)ψ = −kxkz

jωε
ψ,

Ey =
1

jωε
(jky)(jkz)ψ = −kykz

jωε
ψ,

Ez =
1

jωε
(k2 − k2

z)ψ =
k2
ρ

jωε
ψ,

Hx = jkyψ,

Hy = −jkxψ,
Hz = 0.

If we let Ez be the scalar Fourier component U in Equation (65), then we have

ψ =
Ezjωε

k2
ρ

=
Ujωε

k2
ρ

Ex = −kxkz
jωε

Ujωε

k2
ρ

=
− sin θ cosφU

cos θ

Ey = −kykz
jωε

Ujωε

k2
ρ

=
− sin θ sinφU

cos θ

Hx = −sinφUωε

k cos θ

Hy =
cosφUωε

k cos θ
Hz = 0
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For TE polarization, we construct the electric field and magnetic field components as [8]:

Ex = −∂ψ
∂y
,Ey =

∂ψ

∂x
,Ez = 0,

Hx =
1

ẑ

∂2ψ

∂x∂z
,Hy =

1

ẑ

∂2ψ

∂y∂z
,Hz =

1

ẑ
(
∂2

∂z2
+ k2)ψ

ẑ = jωµ

If we let Hz be the scalar Fourier component U in Equation (65), then we have

ψ =
Hzjωµ

k2
ρ

=
Ujωµ

k2
ρ

Ex =
sinφUωµ

k cos θ

Ey = −cosφUωµ

k cos θ
Ez = 0

Hx = −kxkz
jωε

Ujωε

k2
ρ

=
− sin θ cosφU

cos θ

Hy = −kykz
jωε

Ujωε

k2
ρ

=
− sin θ sinφU

cos θ

(72)
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